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Abstract The melting behavior of nanometer-sized Sn
particles with radius in the range between 5 and 50 nm is
analyzed within the conceptual framework of classical
thermodynamics. Experimentally observed size-dependent
melting points and latent heats of fusion are exploited to
point out the occurrence of pre-melting phenomena at the
particle surface. The size-dependent values of the ther-
modynamic state functions associated with the solid-liquid
interface are estimated together with the thickness of the
interface layer.

Introduction

Physical and chemical systems in the size domain between
clusters and infinite coarse-grained materials are charac-
terized by a high surface-to-volume ratio [1-3]. A
substantial fraction of atoms and molecules lies then at, or
close to, the surface. Correspondingly, surface energy gives
a significant contribution to the overall free energy of such
systems [1-3]. This induces a change of physical and
chemical properties, which can be described by relatively
simple scaling equations involving a power-law depen-
dence on the system size [2—4]. Such smooth size effects
can be in principle exploited to obtain information on the
fundamental thermodynamics underlying the observed
phenomenology. Within such conceptual framework, this
work specifically addresses the well-known melting point
depression of nanometer-sized metallic particles.
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The phenomenon, theoretically predicted since the
1970s of the XIX century [5] and extensively studied later
[6-10], essentially consists of the decrease of the melting
point as the particle size decreases. Such behavior is suc-
cessfully described by several phenomenological models,
which generally invoke a size dependence of the chemical
potential [6, 11-15]. As shown by the modeling approaches
developed in the years, the problem is intimately inter-
twined with the one of surface pre-melting [16]. The solid—
liquid phase transformation is indeed related alternatively
either to the formation of a molten layer covering the
particle surface below its melting point or to the hetero-
geneous nucleation of a transition front traveling from the
surface inward at the melting point [6, 11-15]. The present
work shows how a reliable discrimination between the two
different melting scenarios can be obtained when the size
dependence of the latent heat of fusion is also taken into
account. It therefore reasserts the importance of accurate
calorimetric measurements [17-20] for a comprehensive
understanding of the thermodynamics of nanometer-sized
systems.

Thermodynamic model

The present study focuses on the calorimetric measure-
ments performed on Sn particles with radius r
approximately in the range between 5 and 50 nm [17]. The
experimental values quoted in Fig. 1a, b reveal that melting
points Ty, and latent heats of fusion AH;P(T,,) undergo a
substantial decrease as the radius r decreases. The
depression of the latent heats of fusion AHP(T},) imme-
diately suggests the existence of a highly disordered
surface layer which does not contribute to the final melting
event at T,, [17, 21]. It follows that the decrease of
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Fig. 1 (a) The experimentally observed melting point 7,, and (b) the
latent heat of fusion AH,P(T,,,) as a function of the particle radius r

AHP(T,,) can be regarded as an indirect evidence of the
occurrence of pre-melting phenomena at surfaces. How-
ever, a more detailed analysis of the thermodynamic
behavior of nanometer-sized Sn particles opens the door to
a sounder rationalization of experimental observations.

Let us consider the two melting scenarios schematically
illustrated in Fig. 2. In the simplest case, melting occurs in
one stage and the solid particle transforms at T, into a
liquid one. Under such conditions, the equality of their
Gibbs free energies implies that

4
3 nr3pSAGs(Tm) + 4nr2ySV(Tm)

4
=3 1 0 AG\(T) + 41y, (T ). (1)

In the expression above AG(T,,) and AG(T,,) represent,
respectively, the Gibbs free energies of solid and liquid
phases at T,, whereas ).(7T,,) and 7,(T},) are the free
energies of solid—vapor and liquid—vapor interfaces.
Finally, p, and p, are the molar densities of solid and liquid
phases. Equation 1 can be readily rearranged to

IPAGHT) — pAGTw)] = 70 (Ta) ~ 2 (Ta), ()

which points out the relationship between Gibbs and
interface free energies at melting.

The second scenario regards instead a two-stage melting
process involving first the occurrence of pre-melting phe-
nomena at the particle surface and then the melting of the
particle bulk. Under the assumption that only a surface
layer of thickness 0 is involved in pre-melting, the equality
of Gibbs free energies for the second stage of the melting
process leads to the following equation:
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Fig. 2 Schematic cross-sectional view of a spherical particle in
single-stage (left, I) and two-stage (right, II) heterogeneous melting
scenarios. Light gray indicates the liquid phase

4
S = 0)’ PAG,(T) + 4n(r — 0)*74(Tw)
4 74 3 2
+ gﬂi r— (r — 5) P[AGI(Tm) +4nr Vlv(Tm)
4
= §7'cr3plAG1(Tm) + 47TVZV1V(Tm)

—~
W
~—

It follows from simple algebraic manipulations that
1
3 (1 = 9)[PAGI(Tw) = pAG(Tim)] = 74 (Tm), (4)

where y,,(Ty,) represents the free energy of the solid—liquid
interface.

The thickness 6 of the surface layer involved in pre-
melting phenomena has been evaluated in previous work
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starting from the comparison between the experimental
latent heat of fusion AH,,P(T},) and the expected enthalpy
difference AH|(T,,) — AH\(T,,) between the liquid phase
and the bulk solid at the melting temperature Ty, [21]. The
o0 values obtained are reported in Fig. 3 as a function of the
particle size.

The difference p/AG|(T) — pAGs(T,,) can be easily
evaluated from tabulated thermodynamic values [22] and
the ys(T) — yv(Twm) and y4(Ty,) values estimated by
means of Eqs. 2 and 4. At least at relatively large radii, the
difference 74 (Tm) — y1v(Tm) should be approximately
equal to 130 mJ m~2, as Ysv(Tm) and 1(Ty,) are equal to
about 680 and 550 mJ m ™2, respectively [23]. The free
energy 7vg(T,) of the solid-liquid interface roughly
amounts instead to 55 mJ m~2 [23]. For the biggest par-
ticles, Ysy(Tm) — Y1v(Tm) should be therefore approximately
twice y4(T,,). The difference between the two cases is such
that a discrimination between the single- and two-stage
melting scenarios is possible despite the experimental
uncertainties affecting the thermodynamic properties con-
sidered. To this aim, the product between one third of the
particle radius r and the difference pAG(T,,) —
psAGy(Ty,) must be evaluated. According to the single-
stage melting scenario, it is a measure of the difference
Ysv(Tm) — Yiv(Ti) between the free energies of solid—vapor
and liquid—vapor interfaces and should approach at large
radii the value of 130 mJ m2. Conversely, within the two-
stage melting scenario it is roughly equal to the free energy
ys1(Twm) of the solid-liquid interface and should approach a
value of about 55 mJ m™~.
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Fig. 3 The thickness ¢ of the molten surface layer as a function of
the radius r of nanometer-sized particles

The results of calculations are reported in Fig. 4 as a
function of the particle radius r. Data are quite scattered,
probably due to experimental uncertainties affecting
experimental findings. A general trend can be nevertheless
identified. In particular, it can be seen that the values
quoted are approximately equal to 53 mJ m~> for particle
radii roughly above 30 nm. A progressive increase is
instead observed as the particle size decreases roughly
from 30 to 10 nm. The values obtained for particle radii
above 30 nm support therefore the two-stage melting sce-
nario, which involves the occurrence of pre-melting
processes at the particle surface at a temperature Tp,p,, below
the particle melting point T},,. The increase of plotted val-
ues from about 50 to 95 mJ m~~ at radii between 30 and
10 nm indicates in addition a marked rise of the solid—
liquid interface energy at large surface curvatures. It is
worth noting that temperature effects can not be considered
responsible for the observed increase, being the particle
melting points 7,,, lower as the particle radius r is smaller.

The knowledge of both surface layer thickness ¢ and
solid-liquid interface free energy 74 (7;,) make a rough
estimate of the surface layer pre-melting temperature Ty,
possible under the assumption that the difference
Ysv(Tm) — Yv(T) between solid—vapor and liquid—vapor
interface free energies remains approximately constant at
130 mJ m™2 The relationship between all the thermody-
namic quantities involved is provided by the equation

a2 [P = = 0] [0AG (Tym) — P.AGH(Tyn)
= 47I72[VSV(Tm) - Vlv(Tm)] + 477:(7‘ - 5)2V51(Tm)7 (5)
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Fig. 4 The quantity {r[p|AGi(Ti) — p,AG(T1n)] as a function of the
particle size r
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which expresses the thermodynamic equilibrium condition
for the solid-liquid transition of the surface layer of
thickness J. Pre-melting temperatures 7}, obtained from
calculations are reported in Fig. 5 as a function of the
particle radius r. The data exhibit a counterintuitive
decreasing trend indicating that smaller particles undergo
surface pre-melting phenomena at temperatures higher than
the ones for larger particles. In other words, the assumption
above leads to higher pre-melting points 7, for smaller
particle radii r giving rise to a curvature effect for pre-
melting points T}, opposite to the one observed in the case
of melting points T;,. Far from being acceptable from a
phenomenological point of view, the results of calculations
on the temperatures T, at which a molten layer of
thickness § appears at the particle surface suggest a strong
asymmetry in the smooth size effects affecting the solid—
vapor and liquid—vapor interface free energies 7.,(7) and
yiv(D). Their difference ¢ (Tpm) — 7n(Tpm) is indeed
expected to define T}y, values that increase smoothly with
the radius r in analogy with the observations concerning
the particle size dependence of the melting point 7;,,. In
particular, o (Tpm) — y1v(Tpm) 1S expected to increase
above 130 mJ m~2. Correspondingly, Ysv(Tpm) 1s expected
to grow with the surface curvature at rates larger than
Yiv(Tpm). The present data do not allow, however, any
quantification of such effects.

Additional information on the thermodynamic proper-
ties of the nanometer-sized particles considered can be
obtained by further manipulating Eq. 4. To such end, let us

600
500
400} © o 00X
500 _
< 300, o
- o
esceelelel 200} °
400 | o °
< 100L
) 420 440 460 480 500 520
£ T, (K)
300 - ©)
o)
o)
200
0) (@)
100 " 1 " 1 " 1 " 1 " 1 " 1 "
0 10 20 30 40 50 60 70

r (nm)
Fig. 5 The estimated pre-melting temperatures T, as a function of

the particle radius r. The relationship between pre-melting temper-
atures T, and melting points T, is illustrated in the inset
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distinguish between enthalpic and entropic contributions to
free energies. Equation 4 can be then re-formulated as

%(r — 5){p1AH1(Tm) — psAH(Tw)

— T [plASI(Tm) - psASS(Tm)] }
= hsl(Tm) - Tmssl(Tm)' (6)

The quantities AH\(T,,) and AH(T,) represent,
respectively, the enthalpies of the liquid and solid phases,
whereas AS|(T,,,) and ASy(T},,) correspond to their entropies.
The terms hy(T,) and sq(7,,) quantify, instead, the
enthalpy and entropy associated with the free energy of
the solid—liquid interface. Equation 6 can be rearranged to

37— O IDAH(Tw) — p AH.(Ta)] — 47(r — )R (T,)
= To{37(r = 3 [ASI(Ta) — p,AS(Th)]
—4“r—®%dﬂﬁ} (7)

The left-hand side of the expression above is equal to the
total enthalpy change accompanying the particle melting.
As indicated in the equation below,

Y — O INA(T) — p AHL(T,)] — 47(r — 0)ha(T:)

= S A (T,), (8)
it is related to the experimentally observed latent heat of
fusion AHP(T,,). Equation 8 makes the generally accepted
interpretation of the AH;P(T,,) depression in terms of sur-
face pre-melting [17, 21] less controversial. It should be
noted indeed that the depression of AHP(T,,,) with respect to
the expected enthalpy difference AH(T,) — AH(Ty,)
between the liquid and solid phases at each temperature T,
naturally arises from the minus sign preceding the enthalpic
contribution hg(7,,) associated with the free energy yq(7,,)
of the solid-liquid interface. The conceptual framework of
the two-stage melting scenario is thus able to provide a sat-
isfactory explanation of the decrease of AHp,"(T,,) values.

Equation 8 can be further manipulated to estimate the
enthalpic content associated with the solid—liquid interface
free energy

ha(T) = 3 8) WA (T) — p A ()
S TPAHEN(T,). ©)

Of course, a rough estimate of the entropy sq(7,,) associ-
ated with the free energy of the solid-liquid interface at T},
becomes correspondingly possible. The hy(T,,) and sg(7T,y,)
values resulting from calculations are shown in Fig. 6 as a
function of the particle radius r. Both quantities display a
significant increase as the particle size decreases. This
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Fig. 6 The enthalpy hg(T,,) (0, J mol™' m~?) and entropy su(Ty)
(O, 10° T K~ ! mol™! m_z) associated with the free energy y4(7,,) of
the solid-liquid interface at 7y, as a function of the particle radius r

suggests that both the energy content and the structural
disorder of the solid-liquid interface are affected by
smooth size effects and increase as the surface curvature
increases.

It is worth noting here that the observed size dependence
of both melting points 7,, and latent heats of fusion
AHP(T,,) has significant implications for the melting
behavior of the nanometer-sized particles. Let us consider a
particle with a spherical bulk region, i.e. a solid interior
covered by a molten layer, of radius r; melting at T, ;. Due
to the presence of the solid—liquid interface the mechanism
of solid-liquid transition is heterogeneous and the solid
layer immediately below the solid-liquid interface is
expected to melt before the remaining bulk region. Once
such interface layer has melted, the solid bulk has a radius
ry < ry. It is therefore expected to melt at a temperature
Tm2 < T as a consequence of the known smooth size
effects. This situation is different from the one character-
izing the melting behavior of a system with a plane solid—
liquid interface. In this latter case, the transition from the
solid phase to the liquid one of a layer of a certain thick-
ness below the plane solid-liquid interface does not change
indeed the interface curvature. As a result, any given layer
below the solid-liquid interface melts at the same tem-
perature as the others independently of the amount of liquid
phase covering the solid interior. Curvature effects on the
melting points of nanometer-sized particles are expected to
influence the propagation rates of the solid-liquid transi-
tion front. A detailed account of such effects will be given
elsewhere.

The aforementioned hg(Ty,) and sq(T,) data can be
further exploited to estimate the enthalpy h;(7},) and the
entropy s i(Ty,) characterizing the layer of atomic species
on the solid-phase side of the solid—liquid interface. To this
end, the point regarding the way the free energy y4(7y,) is
distributed at the solid-liquid interface should be addres-
sed. In absence of specific information about such
distribution, the free energy y4(7,,) is here assumed to
affect only the solid-phase side of the interface. It then
follows that the free energy y4(7,), and then the enthalpic
and entropic contents kg (7},) and sq(7Ty,), can be attributed
to the solid-phase side of the solid-liquid interface. Fol-
lowing this line, it is possible to suppose the existence of a
layer of atomic species on the solid-phase side of the solid—
liquid interface of thickness ¢ bearing a free energy

ilT) = 3707 = 0~ = 6 = '] 0.AGu(T)

+4n(r = 6)*g(Tw)- (10)

The thickness ¢ of the solid-liquid interface on the
solid-phase side can be tentatively estimated by applying a
Kauzmann-like criterion based on the entropy content of a
given volume of crystalline solid [24, 25]. Following the
original criterion, it is very unlikely that the entropy of a
given volume of solid could become larger than the one
pertaining to the same volume of liquid phase without a
significant modification of its structural arrangement [24,
25]. In the present case, such criterion could be interpreted
as a constraint on the entropy content s ;(7y,) of the solid—
liquid interface layer on the solid-phase side such that
8si(Ty) must be either smaller or equal to the
corresponding entropy of the liquid phase AS/(7Ty,) at the
same temperature Tp,. It follows that

gn [(r = 0 ~(r = 3= &)’ pAS\(T) + 427 — 6)’s(Tw)

< %‘n[(r—a)t(r—(s—g)ﬂplAs](Tm). (11)

The left-hand side of the expression above represents the
entropy content s,;(7;,,) of the solid-liquid interface layer
of thickness &, whereas the right-hand side is the entropy of
the same volume of liquid phase. As evident from Fig. 7,
the entropy content sg;(7Ty,) of the solid-liquid interface
layer critically depends on the layer thickness £. In par-
ticular, s,;(Ty,) is larger than AS\(T),) at relatively small &
values.

For each particle, the condition of equality between
8s.i(Tm) and AS|(T,,,) permits to identify the minimum layer
thickness &,,;, value satisfying the Kauzmann-like criterion
proposed above. The &, values obtained are reported in
Fig. 8 as a function of the particle radius r. Quite surpris-
ingly, they closely match the 6 values representing the
thickness of the molten layer formed at the particle surface
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Fig. 7 The entropy s,;(T\,) (solid line) of the layer on the solid-phase
side of the solid-liquid interface as a function of the thickness layer &.
The liquid phase entropy AS\(T},) is also quoted (horizontal dotted
line). The vertical dotted line identifies the minimum solid-liquid
interface layer thickness ¢, satisfying the Kauzmann-like criterion
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Fig. 8 The minimum solid-liquid interface layer thickness &pin
satisfying the Kauzmann-like criterion as a function of the particle
radius r. The inset quotes the &.,;, values as a function of the molten
surface layer thickness o

as a consequence of pre-melting phenomena and quoted in
Fig. 3. The correspondence is further pointed out by the
linear trend with almost unit slope, shown in the inset,
obtained by quoting the &.;, values as a function of the
ones.
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Fig. 9 The enthalpy hi(T,,) and the entropy sg;(T,) of the solid-
phase side layer of thickness &, at the solid-liquid interface as a
function of the particle radius r

The data discussed in the present work are not sufficient
to draw a definite conclusion about the thickness of the
layer structurally and energetically perturbed as a conse-
quence of its neighborhood to a solid—vapor or solid-liquid
interface. It is however tempting to hypothesize that the
thickness of the layer of solid phase affected by an inter-
face is approximately independent of the nature of the
interface. This also would mean that the perturbed layer
thickness is roughly independent of the interface energy,
given that different interfaces have different free energies.

According to the findings mentioned above, the enthalpy
content of the solid—liquid interface layer of thickness &,
should be equal to

hs.i(Tm) = %TE (}" - 5)3—(1" -0 - émin)3:| psAHS(Tm)

+4n(r — 0)*hg(Tw). (12)

The corresponding A ;(T,,,) values are quoted in Fig. 9 as
a function of the particle radius r together with the s, ;(7,,)
ones. In both cases, the data show increasing trend.
Correspondingly, the interface layers of the largest
particles possess the largest enthalpy and entropy
contents g i(Ty,) and s.i(Ty,) because they are
characterized by the smallest thickness &.;, values. It
appears therefore that the perturbation induced by the
presence of a solid-liquid interface is restricted to layers
with minimum thickness ¢&.;, becoming smaller and
smaller as the particle radius r increases. Interface layers
in relatively large particles seem therefore to sustain larger
perturbations than smaller particles, where the perturbation
is distributed over a more extended interface layer.
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Conclusions

In summary, nanometer-sized particles undergo a two-
stages solid-liquid phase transition. The first stage consists
of a surface pre-melting process involving a relatively thin
layer at the solid—vapor interface. The solid-liquid inter-
face formed is stable within a certain temperature interval,
thus permitting the coexistence of the solid particle interior
and the molten surface layer. Finally, during the second
stage of the particle melting process the solid-liquid
interface propagates inward involving progressively larger
regions of the particle interior. Both pre-melting and
melting points are determined by the equality of free
energy terms regarding interfaces and interiors. Whereas in
the case of surface pre-melting the experimental data do
not allow any reliable characterization of the process, the
solid-liquid transformation of the particle interior can be
satisfactorily described within the two-stages melting sce-
nario. In particular, it appears that the depression of the
latent heat of fusion is connected to the enthalpic contri-
bution associated with the particle surface. This permits not
only the estimation of the solid-liquid interface free
energy, but also the distinction between its enthalpic and
entropic terms.

The present work therefore shows that classical equi-
librium thermodynamics provides an adequate and
satisfactory theoretical framework for the rationalization of
the melting behavior of nanometer-sized particles.
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